DG-ALGEBRAS AND DERIVED A^-ALGEBRAS 

STEFFEN SAGAVE 

Abstract. A differential graded algebra can be viewed as an Aoo-algebra. By 
a theorem of Kadeishvili, a dga over a field admits a quasi-isomorphism from 
a minimal Aoo-algebra. We introduce the notion of a derived Aoo-algebra and 
show that any dga A over an arbitrary commutative ground ring k is equivalent 
to a minimal derived /loo-algebra. Such a minimal derived Aoo-algebra model 
for A is a fc-projective resolution of the homology algebra of A together with 
a family of maps satisfying appropriate relations. 

As in the case of Aoo-algebras, it is possible to recover the dga up to quasi- 
isomorphism from a minimal derived Aoo-algebra model. Hence the structure 
we are describing provides a complete description of the quasi-isomorphism 
type of the dga. 



1. Introduction 

An Aoo-algebra over a commutative ring A; is a Z-graded fc-module A with struc- 
ture maps raj : A®- 7 — > A[2 — j] satisfying certain relations. Aoo-algebras were 
introduced by Stasheff in the 1960's |21j . We refer to Keller's survey [13] for back- 
ground and for references to the various applications Aoo-algebras have found in 
different fields of mathematics. 

A differential graded algebra over fc is an Aoo-algebra with mi the differential, 
m,2 the multiplication, and rrij = for j > 3. If k is a field, a theorem of Kadeishvili 
[TT] asserts that every fc-dga A admits a quasi-isomorphism of Aoo-algebras from 
a minimal Aoo-algebra, where minimal means mi — 0. The underlying graded 
fc-algebra of such a minimal model for A is the homology algebra H*(A). The 
quasi-isomorphism type of A can be recovered from its minimal model. There- 
fore, minimal Aoo-algebras provide an alternative description for quasi-isomorphism 
classes of dgas [T31 §3.3], and the minimal Aoo-structure on £/*(A) specifies pre- 
cisely the additional information needed to reconstruct the quasi-isomorphism type 
of a dga from its homology [131 §2.1]. 

From now on let A: be a commutative ring. Then the conclusion of Kadeishvili's 
theorem will in general not hold if the homology -ff*(A) is not fc-projective since 
for example a fc- linear cycle selection morphism may not exist. 

The aim of the present paper is to generalize the notion of an Aoo-algebra to 
a context in which a dga A admits a minimal model without restrictions on fc or 
-ff*(A), and thereby to provide a different description of the quasi-isomorphism type 
of A. 

Our approach is motivated by the following two observations. On the one hand, 
Aoo-algebras are closely related to Hochschild cohomology. For example, the 7713 
of the minimal Aoo-structure on H* (A) is a cocycle in the Hochschild complex of 
fz*(A) whose cohomology class encodes relevant information about A; see [2J. On 
the other hand, Hochschild cohomology is for many purposes the 'wrong' cohomol- 
ogy theory if we apply it to fc-algebras which are not fc-projective. In this case, 
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one should rather consider the derived Hochschild cohomology, which is also known 
as Shukla cohomology. Following Baues and Pirashvili p], the latter cohomology 
theory can be defined as the Hochschild cohomology of a fc-projective dga resolving 
the algebra. 

Our strategy for finding minimal models in the general context is therefore to 
first take a fc-projective resolution of in the direction of a new grading, and 

then to look for the analog to the minimal Aoo-structure on this bigraded fc-modulc. 
To take the additional grading into account, we introduce the notion of a derived 
A^-algebra (dA^-algebra for short). A cM^-algebra is a (N, Z)-bigraded fc-module 
E with structure maps mf^ : E® 3 — > E[i, 2 — (i + j)] for i > and j > 1 satisfying 
appropriate relations. It is minimal if = 0. Both dgas and Aoo-algebras can 
be considered as (Moo-algebras concentrated in degree of the N-grading. The 
notion of equivalence suitable for our purposes is that of an ^-equivalence of 
(Moo-algebras, which is detected on the iterated homology with respect to and 
mfi. 

Theorem 1.1. Let A be a differential graded algebra over a commutative ring k. 
There exists a k-projective minimal dA^-algebra E together with an E^-equivalence 
E — ► A of dA^- algebras. This minimal dA^-algcbra model E of A is well defined 
up to E%- equivalences between k-projective minimal dA^- algebras. Particularly, the 
bigraded k-module E together with the differential mf^ and the multiplication 
is a k-projective resolution of the graded k-algebra H*(A). 

The first step in the proof of the theorem is to construct a (Moo -algebra B with 
mfj = if i + j > 3 together with a map B — > A of (Moo-algebras such that the 
induced map H^,(B,mQ 1 ) — * H*(A) is a fc-projective resolution. To find such a 
B, we employ the cofibrant replacement in a resolution model category structure 
on the category of simplicial dgas. The second step is to replace B by a minimal 
cMoo-algebra, which is now possible since H ir (B,m^ 1 ) is fc-projective. 

If E is a minimal (Moo-algebra model of the dga A, the sum + mf 2 + is a 
cocycle in a complex computing the derived Hochschild cohomology of H*(A). Its 
cohomology class does not depend on the choice of the minimal model. This derived 
Hochschild cohomology class ^a € dHH 3,_1 (iJ >t (v4)) associated with A generalizes 
the Hochschild cohomology class of a dga over a field studied by Benson, Krause, 
and Schwede in [2]. For example, ja determines all triple matric Massey products 
in H*(A). 

Let fc = Z/p 2 with p an odd prime, and let A be the dga which has a copy of 
k in degrees and 1 and multiplication by p as the differential A\ — > Aq. Then 
H*(A) is an exterior algebra over ¥ p on a class in degree one. In Example 5.1 we 
describe a minimal (Moo-algebra model of A. The derived Hochschild cohomology 
class ja defined by means of this minimal model is non-zero. 

The information encoded in a minimal cMoo-algebra model is not restricted to 
the resolution of H*(A) and the triple Massey products. In fact, we can recover the 
dga from a minimal (Moo-algebra model: 

Theorem 1.2. For a dA^-algebra E, there is an associated differential graded 
algebra Tot Hom £ (E, E). If E is a minimal dA^ -algebra model of a dga A, the dga 
Tot Hom g (_E, E) is quasi-isomorphic to A. 

Therefore, we have given an answer to the question of which additional structure 
is needed to reconstruct the quasi-isomorphism type of a dga over a commutative 
ground ring from its homology algebra: A fc-projective resolution of its homology 
equipped with a minimal (Moo-algebra structure provides the necessary information. 

A different approach to describe quasi-isomorphism types of dgas is to use Post- 
nikov systems and fc-invariants. This approach is used by Dugger and Shipley in 
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[H §4] for their study of topological equivalences of dgas. One advantage of the 
minimal dAoo-algcbra structures introduced in the present paper is that they also 
exist for dgas with homology in negative degrees. 

One may apply our results to Ext-algebras. If M is a fc-module, the Yoneda- 
algebra Ext£ (M, M) is the homology of the endomorphism dga Honifc (P, P) of a k- 
projective resolution P of M. Hence a minimal cMoo-algebra model for Homfc(P, P) 
provides a fc-projective resolution of Ext£(iW, M) with structure maps rrijj. This 
structure is well defined up to ^-equivalence, and it reflects the quasi-isomorphism 
type of Hom fc (P, P). We calculate it for ExtJ(Z/p, Z/p). This generalizes the 
existence of a minimal Aoo-structure on the extension algebra of a module over an 
algebra over a field [T3J §3.3]. 

Organization. In the second section, we define cM^-algebras and explain how 
they generalize ^loo-algebras. We introduce bidgas and twisted dgas and define the 
notion of ^-equivalence. In the third section, we explain how dgas can be resolved 
by bidgas. This makes use of Bousfield's theory of resolution model categories. 
The fourth section features the proof of Theorem |1.1| In Section [5j we define 
the derived Hochschild cohomology class associated with a dga and describe the 
examples mentioned in the Introduction. In the sixth section, we introduce modules 
over cJAoo-algcbras and use the enrichment of module categories in twisted chain 



complexes to prove Theorem 1.2 The last section contains four lemmas needed in 
Section 0] 

Notation and conventions. Throughout the paper, k is a commutative ground 
ring, and all tensor products are taken over k. We consider (N, Z)-bigraded k- 
modulcs E = (E st )seN.tez- Their shift is defined by E[i,j] st — E a —it—j. We 
sometimes refer to the N-grading as the horizontal direction and to the Z-grading 
as the vertical direction. 

The tensor product of two bigraded fc-modules E and F is the bigraded fc-module 
E®F with 

(1.3) (E®F) UV = E l3 ®E pq . 

i+p— u 1 j+q—v 

We follow the Kozul sign convention. For maps /: W — * X[i,j],g: Y — > Z[p,q] 
and elements w € W st ,y & Y uv this means (/ ® g)(w ® y) = (— l)^ u,9 ^/(w) ® g(y) 
with (w,g) = sp + tq. Similarly, we get (/ (g> g)(f ® g') = (-1) (/ ' ' g) j f <S> gg' for 
tensor products of composable maps. Tensor product, shift, and sign convention 
for fc-modules with a single Z-grading are given accordingly. 

We assume familiarity with the basics about Aoo-algebras, as for example de- 
scribed in Section 3 of Keller's survey |T3 . In our sign convention for -algebras, 
we follow Lefevre [TJ] and ask the structure maps nij of an ^loo-algebra to satisfy 



XX - l) rq+t mj(l® r ® m q (g) 1®*) = 0. Remark 4.4 explains our choice of signs 



2. gL4oo-ALGEBRAS and twisted chain complexes 

Our main object of study is the following generalization of an Aoo-algebra whose 
definition was already outlined in the Introduction. 

Definition 2.1. A derived A^-algebra (dA^-algebra for short) is a (N, Z)-bigraded 
fc-module E with fc-module maps m^- : E® 3 — > E[i, 2 — (i + j)] and a unit map 
tje ■ k — > E for i > 0, j > 1 satisfying 

(2.2)™ {-l) rq+t+pl ^{l^ ® m E pq ® l 8i ) - 

i-\-p—u, j-\-q=v-\-X 
r+l+t=j 
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for all u > 0, v > 1 and the unit condition: 

™-oiVe=0, mQ 2 (r)E ® 1) = 1 = m^ 2 (l ®?7e), and 



(2.3) 



m^(l S5r - 1 <g> (8> l®J- r ) = if i + j > 3 with 1 < r < j 



Example 2.4. A derived Aoo-algebra concentrated in horizontal degree is the 
same as a (strictly unital) Aoo-algebra with the moj as structure maps: the equa- 
tions (2.2) uv for u = are the Aoo-relations. Since a fc-dga A is a special instance 
of an ^oo-algebra, it is a cL^-algebra concentrated in horizontal degree for which 
only to^ and m^ 2 may be non-zero. 

Definition 2.5. A map of (Moo-algebras from E to F consists of a family of k- 
module maps f pq : E® q — > F[p, 1 — (p + g)] with p > and g > 1 satisfying 



£ (-l)^+*+w/ ti (l®^m^®l® t ) 



(2.6), 



i-\-p— v, j-\-q=v-\-l 

r+l+t=j 

^ (-l) CT m5(/ pigi ®...®/ P3 . ?3 .) 

i+PlH hpj=u 

91 H h9j=w 

l<j<u,p s >0, <J S >1 

for u > 0, v > 1 and the unit condition 

(2.7) foiVE = VF and f pq {l® r - 1 ®v E ® l® 9 " r ) = 0ifp + g>2 with 1 < r < q. 
The cr governing the sign in (2.6) ut , is 



i-i / / i 

(2.8) cr = u + 2^ jp w + w(qj- w - p w ) + qj- w ^ Ps + Qs 

w—l \ \s=j—w-\-l 

Example 2.9. Maps between cL4oo -algebras concentrated in horizontal degree 
are maps of ^oo-algebras. 

In Section [3] we will give an equivalent but more economic description of cL4oo~ 
algebras and their maps in terms of a structure on the reduced tensor algebra of 
£7[0, 1]. Amongst others, we employ it to define the composition of (Moo-algebra 
maps and the notion of a module over a (Moo-algebra, and it will also help to 
explain the signs. We use the less streamlined Definition |2.1| here since both our 
examples and our notion of equivalence fit in more naturally. 

We single out an interesting special case of a cL4oo-algebra: 

Definition 2.10. A bidga is a (Moo-algebra B with mfj = if i + j > 3. A map 
/ : A — > B of bidgas is a map of GL4oo-algebras with f pq = for p+ q > 2. We write 
bidga fe for the resulting category. 

Of course, dgas give rise to bidgas concentrated in horizontal degree 0. 

Remark 2.11. The category bidga fc admits a different description. Let biChfc 
be the category of (N, Z)-graded bicomplexes of fc-modules. Objects are bigraded 
fc-modulcs E with differentials d : E — ► E[0, 1] and d\: E — > -E[1,0] satisfying 
dodo = 0; d\d\ = 0, and d$di = did a . The tensor product of bigraded fc-modules 
induces a symmetric monoidal product on biChfc . A monoid in biCh/j is a bicomplex 
B with a multiplication fi : B ® B — > B satisfying associativity, two Leibniz rules, 
and a unit condition. Setting = do, = d\ and m^ 2 = /i, we observe that 



the six non-trivial formulas (2.2) uv for u + v < 3 are the associativity law, the two 
Leibniz rules, and the three identities for the differentials. After comparing the unit 
conditions, we see that bidga fc is the category of monoids in biChfe. This is similar 
to the characterization of dgas as the monoids in the category of chain complexes 
with respect to the tensor product of chain complexes. 
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Definition 2.12. A twisted dga (tdga for short) is a eMoo-algebra T for which only 
iriQ2 and mJl with i > may be non-zero. A map / : T — > S of tdgas is a map of 
cM^-algebras with f pq = if q > 2. We write tdga fc for the resulting category. 

Every bidga is a tdga. The name twisted dga is chosen in view of 

Definition 2.13. [iB] A twisted chain complex E is an (N,Z)-graded fc-module with 
differentials df : E — > E[i, 1 — i] for i > satisfying 

(2.14) „ ^ (-l)*didp - 

i+p—u 

for u > 0. A map of twisted complexes E — > i 7, is a family of maps fi\E—> F[i, —i] 
satisfying 

(2.15) M £ (-l)7i< = £ df/p- 

The composition of two maps f:E—>F and g: F — > G is defined by (gf) u = 
J2i+ P = u 9ifp- We write tCh^ for the resulting category. 

A class of examples arises from the fact that biChfc is a subcategory of tChfc. The 



signs in Definition 2.13 differ from those in [B]. We explain our choice in Remark 



|4.4| Some authors use the term 'multicomplex' instead of 'twisted chain complex'. 

Remark 2.16. Similarly as in Remark |2.11[ the tensor product of graded modules 
defines a symmetric monoidal product on tChfe. Monoids in tCh^ are tgas. The 
resulting composition tdga maps is of course a special case of the composition of 
cMoo-algebra maps to be given in Definition |4.5| 



Let E be a cL^-algebra. Identifying {2.2) uv for v = 1 with (2.14) u we see that 
the with i > specify the underlying twisted chain complex of E. For a map 
/: E — > F of dAoo-algebras, the fn form a map of the underlying twisted chain 
complexes. We thus occasionally write di for when we refer to the underlying 
twisted chain complex of a cMoo-algebra E. 

Remark 2.17. The underlying twisted chain complex is one instance in which 
twisted chain complexes behave to dA^ -algebras as unbounded chain complexes 
behave to ^loo-algebras. This analogy turns out to be fruitful, and we frequently 
exploit it in Sections [4] and [6] 

Next we study the passage from twisted chain complexes to chain complexes. 
There is a total complex functor 

Tot: tChfe^Chfe, Tot„A= X sU 

s-\-t=n 

where the differential d: Tot„ X — > Tot„_i X is X^>o &f ■ A map of twisted com- 
plexes /: X — * Y induces a map J2i>o fi °f total complexes. This is well defined 
since only finitely many df or fi leave a fixed X st . 

If we consider the total complex as a twisted chain complex concentrated in 
horizontal degree 0, there is a map px ■ X — » Tot X of twisted chain complexes. Its 
component (px)i'- X — > (Tot X)[i,— i] is the inclusion of X^ into (Tot X)[i, — £],*. 
We can interpret p as a natural transformation from the identity on tChfc to Tot. 
The presence of this natural transformation is one advantage of the category of 
twisted chain complexes over the category of bicomplexes. 

Lemma 2.18. The functor Tot: tCh^ — > Ch^ is strongly monoidal, and p is a 
strong monoidal transformation. In particular, if E is a tdga, then Tot E is a dga, 
and pe' E — > Tot E is a map of tdgas. 
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The total complex has a filtration defined by F p (Tot X) n = (J) s<p X s rt _ s . The 
.E 2 -term of the resulting spectral sequence is E 2 q = H^H q {X). Here we write 
H*(E) for the 'vertical' homology of E with respect to the differential do- By 



(2.14)J for u = 2,d 1 induces a differential on H%(E), and we write H^H^E)) for 
the resulting 'horizontal' homology group. 

Maps of twisted complexes induce maps of spectral sequences: given / : E — > F 



in tChfc, fo is a do-chain map on E — ► F, and formula (2.15) M for u = 1 ensures 
that -ff"(/o) induces chain map with respect to the di-differential H%(di). Hence 
we obtain H^(H^(f )) on the iVterm, and so on. 

Definition 2.19. A map f:E—>Fo{ twisted complexes is an E2- equivalence if 
Hg(Ht(fo)) is an isomorphism for s € N, t € Z. A map of bicomplexes, bidgas, 
twisted dgas or derived A^-algebras is an E^-equivalence if the underlying map of 
twisted chain complexes is. 

Accordingly, / is an ^-equivalence if it induces an isomorphism on H%, and 
every ^-equivalence is an ^-equivalence. 
The following lemma is immediate. 

Lemma 2.20. If X is a twisted chain complex with E2-homology concentrated in 
horizontal degree 0, then px '■ X — > TotX is an E%- equivalence. 

3. Resolving dgas by bidgas 

The aim of this section is to construct resolutions of dgas that induce resolutions 
of their graded homology algebras. We saw that a dga can be considered as a bidga 
concentrated in horizontal degree 0. Particularly, a graded fc-algebra is a bidga 
concentrated in horizontal degree with both differentials trivial. 

Definition 3.1. A termwise k-projective resolution of a graded algebra A is a 
termwise fc-projective bidga E with trivial vertical differential together with an 
^-equivalence E — > A of bidgas. 

Here we think of a bidga with trivial vertical differential as a differential graded 
algebra in graded algebras. If E — > A is a termwise fc-projective resolution, E*fl is 
a dga which is fc-projective and whose homology is isomorphic to A concentrated 
in degree 0. In other words, a termwise fc-projective resolution is the graded analog 
of the resolution of a fc-algebra by a degreewise fc-projective dga. 

If the graded algebra is the homology of a differential graded algebra, we can ask 
even more: 

Definition 3.2. Let A be a fc-dga. A k-projective E\-resolution of A is a bidga B 
together with an ^-equivalence B — > A of bidgas such that H^ t (B) is fc-projective 
and the map fc — > Hq (B) induced by the unit fc — > B splits as a fc-module map. 

A termwise fc-projective i?i-resolution of a dga A is a termwise fc-projective 
resolution of the graded algebra H% (A) which is induced from a resolution of the 
dga and satisfies an additional unit condition. 

Example 3.3. Let p be an odd prime and fc = Z/p 2 . The fc-dga A — A^^ p2 (w) 
with \w\ = 1 and d(w) = p is non- formal and has homology AJ (w) with \w\ = 1. 
It is also considered in [TJ §5.2]. We will give a fc-projective Ei -resolution of A. 
Consider the (N, Z)-bigraded fc-algebra 

V = k[a, b, u, v]/(a 2 , b 2 ,au — bv, auv, buv, u 2 , v 2 ), 

with \a\ = \b\ = (0,0) and \u\ = \v\ = (0, 1). We set <%(u) = a and d%(v) = b. This 
extends uniquely to a differential on V. We think of V as a dga concentrated in 
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horizontal degree 0. Its homology is A£(.z) with z is represented by au. Let H be 
the (N, Z)-bigraded fc-algebra 

K* k {x) ®T* k {y) with |a;| = (l,0),|y| = (2,0), 

concentrated in vertical degree 0. We define B — V <g> H, so that i3 st = V s0 (8 £?ot- 
The multiplications on V and il turn B into a bigraded fc-algebra. Since d$ = 
for degree reasons, the on V induces a vertical differential satisfying the 
Leibniz rule. We define df(xyi) = (p — pa + b)yt and df(yt) = (p — b — ab)xyi-\, 
where yi is the divided power algebra generator in degree 2i. The df is linear with 
respect to a, b, u, and v, and d^ and df commute. 

It is easy to see H"(B) = A* k (x,z) <g) r£(y) as well as di(yA = pxy i _ 1 and 
di(xy~i) = Hence P> is a bidga for which H%(B) is bidegreewise fc-projective. 

A map of bidgas a : P — > A is defined by setting 

a(yo) = 1, a (a) = p, a(b) — —p, a{u) = w, and a(y) — —w. 

This is multiplicative and compatible with the relations among a, 6, u, and v. Since 
a(df(x)) = 0, the a is also compatible with df . Therefore, it is a bidga map. On 
vertical homology a induces H%(a) : H"(B) — > if" (j4) sending y to 1 and z to wJ. 
This is easily seen to be a resolution of H^(A). 

Returning to the general case, a map of fc-projective £a-resolutions from B — * A 
to £>' — ► A is a bidga map f : B —> B' making the obvious triangle commutative. 
It is defined to be an ^-equivalence if / is one. 

Theorem 3.4. Every k-dga A admits a k-projective Ei-resolution B —> A. Two 
such resolutions can be related by a zig-zag of E^- equivalences between k-projective 
Ei-resolutions. 

The proof of the theorem occupies the rest of the section. It uses Quillcn's 
language of model categories [13 E] ■ The point is to use the cofibrant replacement 
in an appropriate model structure on the category sdga fc of simplicial dgas. 

We start by briefly recalling Bousfield's general setup for resolution model struc- 
tures [3], or rather the dual version of [TU]. Let C be a pointed model category. 
Let V he & class of group-objects in Ho(C). A morphism p: X — > Y in Ho(C) is a 
V-epi if p* : [P, X] n — ► [P, Y] n is onto for every P £ V and n > 0, where [X, Y] n — 
Ro(C){E n X,Y). An object A e Ho(C) is V -projective if p*\ [A,X}„ -> [A,F]„ is 
onto for all P-epis p and n > 0. Maps in C (resp. objects in C) are V-epis (resp. 
P-projective) if they are in Ho(C). A map in C is a V -projective cofibration if it 
has the left lifting property with respect to all V-epi fibrations. A map X — * F in 
C is V-free if it is a composition of an inclusion X -> JJJF with P cofibrant and 
■p-projective and an acyclic cofibration X ]J P — > F . We say that Ho(C) ftas enough 
V-projectives if every object X € Ho(C) admits a P-epi Y X with P-projective 
source. In this case, we call P a class of projective models in Ho(C). 

The next definition makes use of the standard model structure on the category 
of simplicial groups ( [T51 II. 3. 7]), the Reedy model structure on sC [71 VII. 2. 12], 
and the notion of the latching object L n X and its structure map L n X — » X n for 
X esC [7, VII. 1.5]. 

Definition 3.5. Let /: X — > Y be a map in sC. 

(i) / is a V ' -equivalence if /* : [P, V]„ — > [P, Y] n is a weak equivalence in simplicial 
groups for all P £ P and n > 0. 

(ii) / is a V-fibration if it is a Reedy-fibration and /*: [P,X] n — > [P, Y] n is a 
fibration of simplicial groups for all P G P and n > 0. 

(iii) / is a V -cofibration if the induced maps X n \\ L x L n Y — > V„ are P-projective 
cofibrations for all n > 0. 
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Theorem 3.6. Theorem 3.3] Let C be a right proper pointed model category 
and let V be a class of projective models for Ho(C). With the above V- equivalences, 
V -fibrations, and V -cofibrations, sC becomes a right proper model category. It is 
simplicial with respect to the external simplicial structure. 

We frequently use the following feature of this model structure: 

Lemma 3.7. A V -cofibration in sC is termwise a V -projective cofibration in C. 

Proof. This is a consequence of jH Lemma 15.3.9], compare [3j Lemma 5.3]. □ 

Our main example is the category Chj, with the projective model structure [51 
Theorem 2.3.11]. Since Ch^ is stable, all objects in Ho(Chfe) are cogroup objects. 
Let V be the set of objects {S n (k)\n G 1} in Ho(Ch fc ) = V{k), where S n (k)i = k 
if i = n and otherwise. The P-epis are the maps which induce surjections in 
homology. 

Lemma 3.8. With this V , the category Ho(Chfc) has enough V -projectives. An 
object in Ho(Chfc) is V -projective if and only if it has degreewise k-projective ho- 
mology. 

Proof. Since every object is the codomain of a P-epi mapping out of a sum of 
objects in P, there are enough P-projectives. Applying this to a P-projective object 
X shows that X is a retract of a sum of objects in P. Hence X has degreewise 
fc-projective homology. On the other hand, an object with degreewise fc-projective 
homology is a retract of a sum of objects of V, and therefore P-projective. □ 

All objects in Ch^ are fibrant, so Ch^ is right proper. Theorem |3.6| yields the 
V -model structure on sCh/.. 

Analogous to the classical case of simplicial abelian groups and simplicial rings, 
simplicial dgas can be considered as the monoids in the category sChfc of simplicial 
chain complexes with respect to the termwise tensor product. 

Proposition 3.9. The forgetful functor U : sdga fc — > sChj, creates a cofibrantly 
generated model structure on sdga fe in which a map f is a V -fibration or a In- 
equivalence if U(f) is. Cofibrant objects in sdga fc are termwise V-projective cofi- 
brant in Chj,. The unit map of a cofibrant replacement in sdga fe splits in homology. 

Proof. First notice that the P-model structure on sCh^ is cofibrantly generated. 
To obtain the generating cofibrations / and generating acyclic cofibrations J, one 
has to add the generating acyclic cofibrations of the Reedy model structure [H 
Proposition 15.6.24] to the two sets of maps described in [TUJ Lemma 2.7]. 

The projective model structure on Ch^ creates a model structure on dga fc jTHJ 
§5], which gives rise to a Reedy model structure on sdga fc . As the matching object 
functor is defined as a limit and the forgetful functor U commutes with limits, a 
map / in sdga fc is a Reedy fibration or a Reedy weak equivalence if and only if 
U{f) is. 

Since all objects in simplicial abelian groups are fibrant, the P-fibrant objects in 
sChfc coincide with the Reedy fibrant objects. Therefore, the Reedy fibrant replace- 
ment functor in sdg fibrant replacement functor for the P-model structure 
to be constructed. 

The cotensor of the external simplicial structure on sChfc is defined as a limit [3 
p. 371] and therefore extends to a functor 

hom sdgafc : S op x sdga fc -> sdga fc . 

As the P-model structure on sChfc is simplicial, hom s d gafc (— , Y) maps weak equiv- 
alences to P-equivalences and cofibrations to V- fibrations provided Y is P-fibrant. 



DG- ALGEBRAS AND DERIVED -ALGEBRAS 



9 



Hence the simplicial path object for a fibrant object qualifies as a path object for 
the P-model structure on sdga fc we are heading for. 

Since the P-model structure on sChj. is cofibrantly generated, the verification 
of the axioms for the P-model structure on sdga fc now follows from applying [18, 
Lemma 2.3(2)] to the left adjoint of U. As in Quillen's original argument [15 
II.4.9], one can reduce the assumptions to presence of a path object and the fibrant 
replacement functor as established above. 

The generating cofibrations T(I) of the P-model structure on sdga fc are obtained 
by applying the free associative algebra functor T to /. If X is P-projective and 
cofibrant, — ®X preserves P-free maps. Cobase change also preserves P-free maps. 
The maps in / are either termwise acyclic cofibrations in the projective model 
structure on Chfc, or termwise of the form X — > X JJ P with P € P. By the careful 
analysis of the free associative algebra functor carried out in [18j Lemma 6.2], it 
follows that for a termwise P-projective cofibrant X in sdga fc , the map X — > Y 
obtained from attaching a generating cofibration / € T{T) to X is is isomorphic 
to the inclusion of X into the colimit of a countable sequence of termwise P-free 
maps: inspecting the proof the second statement of the cited lemma, we see that 
it is enough to provide the last four statements and Lemma |3.10[ 

The initial object of sdga fc is itself termwise P-projective. Hence the map from 
the initial object A: to a cofibrant replacement constructed by means of the small 
object argument applied to T(I) is termwise a transfinite composition of P-free 
maps. Therefore, it splits in homology. In particular, any cofibrant replacement is 
termwise P-projective cofibrant. By the retract argument, all cofibrant objects are 
termwise P-projective cofibrant. □ 

Let / : X — ► Y and g : X' — ► Y' be maps in Chfc or sChfc. We define the pushout 
product map fDg to be the induced map Y <8> X' ]Jx®X' X ®Y' — > Y ®Y' '. 

Lemma 3.10. Let K be the class of termwise acyclic cofibrations in sChfc, and let 
L be the class of maps in sChfc which are termwise of the form X — > X ]J P with 
P a V-projective cofibrant object. Then (K U L)U{K U L) C (K U L) . 

Proof. The pushout product axiom Definition 3.1] holds in Chfc. It states 
that if / and g are cofibrations in Chfc, then the pushout product map fOg is a 
cofibration which is acyclic if / or g is. The axiom immediately implies KDK C K. 
Since objects in P are cofibrant, it also shows that for P € P and / S K. the map 
P ® f is again in K. This argument implies KOL U LDK C K. If both maps are 
in L, it is enough to show that for two P-projective cofibrant objects P, P' S P, 
their product P®P' is P-projective cofibrant. Cofibrancy is clear. Since both have 
fc-projective homology, the i?2-term of the bicomplex spectral sequence computing 
the homology of P <g> P' consists only of a single non-trivial line in which all entries 



are /c-projective. By Lemma 3.8 P ® P' is P-cofibrant . □ 



We need an instance of the Dold-Kan correspondence to go back and forth be- 
tween simplicial chain complexes and bicomplexes. The version in [3 III Theorem 
2.5] is sufficiently general to apply to our context. 

The associated chain complex and normalized chain complex are functors 

C:sChfc^biChfc and N : sCh fe -> biCh fe . 

The first is defined by C(X) S * = X s with horizontal differential given by the al- 
ternating sum of the simplicial face maps, and N(X) is the quotient of C(X) by 
the subobject generated by the image of the degeneracies. The functor N is an 
equivalence of categories. Its inverse T: biChfc — > sChfc can be defined by 

T(E) n = E,, 

[n]-»bl 
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with the simplicial structure maps described on p. 148]. 

The monoidal properties of these functors are as in the classical case discussed 
in [HO §2. 3, §2. 4]. We have a shuffle map V and the Alexander- Whitney map AW, 

V : CX ®CY -> C(X ® Y) and AW : C(X ®Y) ~*CX® CY, 

V is a lax monoidal transformation, AW is a lax comonoidal transformation, and 
both maps preserve the subcomplcxcs of degenerate simplicics and induce 

V : NX <g) NY — > N(X (gi F) and AW : iV(X ® F) -> NX ® AT. 

For a simplicial dga X, the associated chain complex of the underlying simplicial 
chain complex is a bidga with multiplication defined by 

CX®CX ^ C(X <g>X)^ C(X). 

Similarly, NX is a bidga. For a bidga B, the Alexander- Whitney map induces the 
structure of a simplicial dga on T(B) pjjj (2.9)]. As explained in [HI Remark 2.14], 
the functors T and N do not induce an equivalence between sdga fc and bidga fc , due 
to the failure of the unit of the adjunction to be monoidal. However, the adjunction 
counit isomorphism AT = idbiCh fc is monoidal on the level of complexes |191 Lemma 
2.11], which is sufficient for our purposes. 

Lemma 3.11. (i) The functor C maps V '-equivalences of simplicial dgas to E2- 
equivalences of bidgas. 
(ii) For a k-bidga B, there is a canonical E 2 - equivalence C(Y(B)) — > B of bidgas 
which is natural in B. 

Proof. It is enough to check (i) additively. Since C commutes with taking verti- 
cal homology, the assertion follows from the definition of ^-equivalences and in- 
equivalences. 

The map in (ii) is the one inducing the counit N(T(B)) — > B. It is a map of 
bidgas since the counit is monoidal and the shuffle map is compatible with the 
degeneracies. Both C and T (but not N) commute with taking vertical homology, 
so the Dold-Kan correspondence for simplicial fc-modulcs and Ch^ applied in each 
vertical degree shows that C(T(B)) — > B is an ^-equivalence. □ 



Proof of Theorem \3.4\ We consider T( A), the constant si mplic ial dga A, and its 



cofibrant replacement T(A) . Lemma 3.8 and Proposition 3.9 show that T(A) 



\cof 



has fc-projective vertical homology. The unit is the composite k — * C{T{k)) — 
C(T(A) co1 ), which splits in vertical homology by the last part of Proposition 3.9 
Lemma [3. 1 1| then shows that the composite 

C(T(A) co1 ) -> C(T(A)) -> A 

is a fc-projective E'l-resolution. The second statement is the A — A' case of the 
next lemma. □ 

Lemma 3.12. Given a map A — > A' of k-dgas and k-projective E\-resolutions 
B\ — > A\ and B[ — > A' , there is a commutative diagram 

B 2 ^B 3 ^B' 3 ^- B' 2 

I I I I 
B\ — > A — > A' < — B[ 

of bidgas in which all maps Bi — > A and B[ — > A! are k-projective Ei-resolutions. 
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Proof. We apply the cofibrant replacement functor in the "P-model structure on 
sdga fe toT(Bi) ->T(A) ->T(A') *-r(B[) and obtain 

c(r(Bi) cof ) — > c(r(A) cof ) — > c*(r(^i') cof ) c(t(b[) co{ ) 

C(r(Bi)) > C(T(A)) > C(T(A')) i C(T(B[)) 

I I I I 
B x > A > A 1 < B[. 

By Lemma |3.11| the upper and the lower row assemble to the desired diagram. □ 

4. Minimal cL^-algebras 

We start by giving an alternative description of (Moo-algebras and their maps. 
Disregarding unit conditions, an Aoo-algebra structure on a Z-graded fc-module 
M can be encoded by giving a differential on the reduced tensor algebra of the 
suspension of A [T3j [21] . Next we explain how the structure of a twisted chain 
complex on the reduced tensor algebra (in bigraded fc-modules) describes a dA^- 
algebra. 

Let S* be the shift [0, 1] of bigraded fc-modules. There is a canonical isomorphism 
a: S — ► id[0, 1] of degree (0, 1). It induces an isomorphism 

Kom k (E® j ,F) -» Rom((SE)® j , SF) with of(^(/)) = {-l)^> U) ' a) fa% J . 

For a fc-linear map mfj : E® j -> E[i, 2-(i+j)], we define mf/ 1 : SE®i -> S£[i, 
to be «j(mg)- 

Let T: biMod-fc — > biMod-fc be the reduced tensor algebra functor of bigraded 
fc-modules, i.e., TE = ® j>x E®i. Let : E®' -> E[i,2 - (i + j)] be a family 

of fc-linear maps with i > and j > 1. For fixed i, the ttt,^' 1 assemble to a map 



-E,l 



TS-E — > S2£[i, 1 — £]. More generally, we define 



77") 



r+l+t=9 
r+s+t=j 



<g> mf; 1 <g> 1®' : -► S£®«[i, 1 - i] 



for q < j and write mf : T5E — > TSE[i, 1 — i] for the map whose component 
mapping SE®^ to SE® q [i, 1 — i] is rhfj' 9 . The process of building the mf from the 

mf' ,:L may also be described using the universal property of TSE as a (cocomplete) 
tensor coalgebra. 

Lemma 4.1. Le£ E be a bigraded k-module and let mM : E®i — > 2 — (i + j')] &e 



a family of k -linear maps with i > arid j > 1 satisfying the unit condition (2.3 I 
77ie following are equivalent: 

(i) The mfj specify a dA^-algebra structure on E. 
(H) E« +p=u (-l)^f ^ = /or a// u > 0. 
r<»; E« +P=u (-l)^f ' X rh? = /or a// u > 0. 
(^vj TS'E is a twisted chain complex with di = mf\ 



Proof. The signs in (2.2) Ml) arise from interchanging a with the m E,[ 



pq ■ 

(-iyml J (l® r ® (g) 1®*) =(-l) p+t ( 1+p V- 1 m 4J (o-^ m m a® q <g> a®') 

= (-l) rq+t+P3 o-- 1 m t] (l® r ® m M «) i®*)cr®r-Hr+* 



□ 
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In terms of the rnf^ 1 , the unit condition (2.3 1 may be rephrased as 



(4.2) 



m 



m'Vi/'te) = °> - m ni 1 (< 7 E 1 ' l lE 8) 1) = 1 = fh^{l <g ct^Sb) 
m£. ,1 (l® r_1 <g> ct^^b ® l 0J '~ r ) = if i + j > 3 with 1 < r < j 



A similar description applies to maps. Given bigraded fc-modulcs E and F and 
fc-linear maps f pq : E® q — > F[p, 1 — (p + q)] with p > 0, q > 1, we define the map 
/J, to be *,(/) : S'-E' 89 -» SF[p, -p]. The assemble to g : T»9£ -» SF[p, -p]. 
We define 

& : = E ® • • • ® £U : -> k 

PlH hPj=p 

91 H h9j=9 

and write / p : T5i? — * TS'Ffp, — p],p > 0, for the morphism mapping SE® q to 
SE*i]p, -p] by fa. 

Lemma 4.3. Let E and F be dA^- algebras and let f pq : E® g — > F[p, 1 — (p + q)] 



a family of k-linear maps with p > and q > 1 satisfying the unit condition (2.7 1. 
TTie following are equivalent: 
(i) The fpq form a dA^-algebra map from E to F. 

(H) Ei +P =„(-1)^< = £, +P=tl mf / p for all u>0. 

M E i+P =J-l) 1 //^ = J2. l+P = u mf'Vp /or ti > 0. 

fiuj TTie /i /orm a map o/ twisted chain complexes. 

Remark 4.4. One advantage of using the fhfj and the is that their bidegrees 
\rhfj\ = (i, 1 — i) and |/^| = (i, — j) do not depend on j. As one can already see 



by comparing the last lemma with Definition |2.5| this reduces the complexity of 
signs considerably. Because of this, we will frequently switch to the m^- for explicit 
calculations. 

However, there is still a choice behind our sign convention. For example, one 
may omit the sign in the definition of twisted chain complexes. This would change 
the sign in the definition of dAoo-algebras and, in turn, the sign in the Leibniz rule 
for bidgas. This would be in conflict with the signs resulting from the Dold-Kan 
correspondence relating biChfc and sdga fc . In other words, our sign convention is 
chosen to ensure that the chain complex associated to a simplicial dga is a dA^- 
algebra. 

At this point we can also make up the promised definition of the composition of 
cMoo-algebra maps. 

Definition 4.5. Given two maps g: D — > E and g: E — > F, the component (fg) u 

of fg is T,i+ P =u fi9 P - 

An Aoo-algebra is minimal if mf = 0. This motivates 

Definition 4.6. A eMoo-algebra E is minimal if = 0. 

The device to produce minimal dAoo -algebras is the following proposition. It 
promotes both the statement and the proof of [TTJ Theorem 1] about Aoo-algebras 
to the context of (Moo-algebras. 

Proposition 4.7. Let B be a bidga, let E be its homology with respect to m^, 
and let d\ and /i be the differential and the multiplication induced on E. Lf E is 
k-projective in every bidegree and the unit map r/E'- k —> E induced by t]b' k — ► B 
splits as a k-module map, then there exists 

(i) a minimal dA^- structure on E with mfi = d\ and m§ 2 = fJ, and 
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(ii) an E2- equivalence of dA^-algebras f: E — > B . 
To construct the structure inductively, we define 



(4-8); 



zin = m 02 ff n + m u ' 



The identity (2.6)„„ can be rewritten as m { f\ v = f^im^ 1 — z uv by Lemma 



i+p=l 
i+j>2; j<n 

b,i ji 



4.3 



Proof of Proposition \4-7\ Since E is fc-projective, we can choose a fc-linear cycle 
selection homomorphism /oi : E — > B in the diagram 



E: 



foi 



H*(B, mfi) « ker - ^ B 

We may adjust / i to ensure foiVE — Vb- Setting = 0, we observe that (2.6) M 



holds for u + v = 1 . 

For the definition of fhf ' 1 and f} we assume that we have constructed the in 



holds for u + v < I + n. 



(2.6), 



£.1 

holds for 



and flj for i + j < I + n such that (2.2) uv 

u + v < I + n, and the two unit conditions (2.3) and (2.7l are satisfied. Then the 
z tn ofpJ 



is defined. 



By Lemma 7.1 z; n has values in kerm^. We define mf^ 1 to be the composition 



of zi n with the quotient map kerm^' 1 — > By Lemma 7.5 the m^' 1 together 
with the mf-' 1 for i + j < I + n satisfy (2.2) uv for u + v < I + n+ 1. Checking (2.3) 
for is easy. 

We need to define the f} n . In each bidegree, SE® n is /c-projective as a tensor 
product of /c-projective modules. Since foifhf n and Zi n both have values in kerm^ 
and coincide when composed with the quotient map to SE, their difference lies in 
the image of m^, and we can find lifts fh in 



-E,l 



(SE)® n 



71 E,l ~ 



7L 



■ B, 1 -J 



(imm^Ju, 2- (w + u)] i B[u, 1 - (« + «)] 



The //„ satisfy (2.6) ut , for u + v = I + n by construction. By assumption, the 
inclusions of the submodules on which the unit condition (2.7) requires fi n to be 
zero splits. Hence we may assume fi n to be zero there. □ 



The input for the last proposition will be a /c-projective E'l-resolution arising 
form Theorem |3.4| Since these are only well defined up to ^-equivalence, we need 
to check that such an ^-equivalence of bidgas induces a map of the associated 
minimal (Moo-algebras. This issue does not come up when constructing minimal 
models in the world of ^loo-algebras, since the underlying graded algebra of a min- 
imal Aoo-model is unique up to isomorphism [13 , §8.7]. 

To formulate the next proposition, we need to introduce the notion of a homotopy 
of (Moo-algebra maps. We only define it in a special case. 

Definition 4.9. Let / and g be cL4oo-algebra maps from a minimal (Moo-algebra E 
to a bidga C. A homotopy from g to / is a family of maps hi : TSE — ► SC[i, — 1 — i] 
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for i > satisfying 
(4.10)™ 

Quv ~ fuv — 



E ((- 1 )"^o C 2 1 (^ ® + (-l) l m C ^(^ (g) fl q ) 



i-\-p— u; j-\-q—v 

'CA 



E 

i+p— u; l<J<n 



for u > and w > 1 and the unit condition 



(4.11) 



®r— 1 



with 1 < r < j for all i, j. 



Proposition 4.12. Let a: B — > C foe a map o/ bidgas with k-projective vertical 
homology algebras E and F . Let E and F be equipped with dA^-algebra structures 
and dAoc-algebra maps f:E^B and g: F — ► C arising from Proposition \4- 7| 
Then there exist dA^-algebra map [3: E — > F with /3 i = H%(g) and a homotopy 
from gj3 to af . 



Ill 



The strategy for the proof is the same as for the last proposition. We define 



i+j>2; i+p=l 



i+p—l; l<J<n 



E 

i-\-p— I; j-\-q—n 



(fn&ibflii ® ^) + (-i)^ 1 ^- ® («/&) 



and observe that the identity (4.10) t 



can be rewritten as 



Proof of Proposition 4A2 We set /3qi = H^(g m ). 



^ ^ 

exists /iqi with m ^ hoi 



a, 



and (ETF1 ), 



and ft-oi satisfies 



Since -E is fc-pro jective, there 
for u - 



(4.10), 



(2.6), 



v < 2 



SoiAn- The /3qi satisfies 
for u + v = 1 and can be chosen to satisfy 



Assume that we have constructed /3y and hij for i - 



j < I + n such that (2.6) 
holds for u + v < I + n and (4.10) MU | holds for u + v < I + n. Then yi n is defined. 



and Lemma 



Lemma 7.17 



7.10 



provides m { yi n — 0. So we define f3f n to be represented by yi n . 

holds for u+ v = I + n + 1, and the unit condition 



shows that (2.6) t 



(2.7) can be checked readily. Since E is fc-projective we can find hi n such that 
(4.10). t[U | holds for u + v = I + n. The splitting of the unit of E enables us to change 
hi n such that (4.111 holds. □ 

We can now give the proof of the first main theorem from the introduction. 

Proof of Theorem \l.l\ Given a fc-dga A, we apply Theorem |3.4| to obtain a fc- 
projective i?i-resolution B — ► A. Then B satisfies the assumptions of Proposition 
4.7 which provides an ^-equivalence E —> B. The composition E — > A is the 
desired minimal dAoo-algebra model. 

The resolution B — > A is well defined up to ^-equivalence of fc-projective ir- 
resolutions. Given such an ^-equivalence B — > C, Proposition |4.12| provides an 
^-equivalence E — > F between the associated minimal (Moo-algebras. □ 

Lemma 3.12 and Proposition |4.12| imply 

Corollary 4.13. Minimal dA^-algebra models of quasi-isomorphic dgas may be 
related by a zig-zag of E%- equivalences between minimal dA^- algebras. 

Remark 4.14. We do not claim that every termwise fc-projective resolution E of 
H*(A) may be extended to a minimal aM^-algebra model for A. We only show 
that this happens if E is the vertical homology of a bidga resolving A. 
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Remark 4.15. The underlying twisted chain complex of a minimal (Moo-algebra 
model of A is a 'homological multicomplex resolution' of the underlying chain com- 
plex of A; compare [T7] . 

5. Examples and an application 

In this section, we give two examples for minimal (Moo-algebra structures and 
apply our theory to define the derived Hochschild cohomology class associated with 
a dga. 

Example 5.1. Let p be an odd prime, fc = Z/p 2 , and A the dga (fc -A k). In 



Example 3.3 we gave a fc-projective ^-resolution B — > A with E := Hl(B) 



A£(x, z) ®T* k (y). Following the proof of Proposition 4.7 we now extend the multi- 
plication and df to a (Moo-algebra structure on E. A cycle selection map / i can 
be defined by extending 

/oi(z) = au, f 01 (x) = x, and f i(y t ) = V% 

multiplicatively. Then /oi?nj^ — m^ifoi ® /oi) = 0. Consequently, = 0, and 
we can set /02 = and /03 = 0. Since mf x = df, we define /u : E — > B[l, —1] by 

fiiiVi) = (v + av)xy i ^ 1 and fnixyA = (pu - v)y,. 

The mf 2 is represented by 

Z12 = fnm,Q 2 - mo 2 (/oi ® /11 + /11 ® /oi)- 

One calculates 2:12 = 0, hence mf 2 = and we can set fi 2 = 0. The m 21 is 
represented by Z21 = fum-fi + mf\f u- One checks 



wfid/J = zy i _ 1 and m^xyA = zxy t 



-1- 

,E 



Furthermore, we set /2i(Sy i ) = puvxyi-\ and f2i(Vi) = 0. The m^- and for 
i + J > 4 vanish for degree reasons. 

Example |5.7| below provides one way to detect that this E encodes non-trivial 
information about A, for example the fact that A is not quasi-isomorphic to the 



formal dga H*(A) with trivial differential. Of course, Theorem 1.2 provides a 
different reason this. 

The example indicates the general procedure for finding a minimal (Mocr a lgebra 
model of a given dga A. Since the resolutions provided by Theorem |3.4| are too 
large to write down in terms of generators and relations, one has to first guess a fc- 
projective i?i-resolution, for example by lifting a fc-projective resolution of H*(A) 
to a bidga B coming with an ^-equivalence B — > A. Then one can use the 
constructive procedure of Proposition |4.7| to build E from B. 

Remark 5.2. If fc happens to be a field or, more generally, H*(A) is fc-projective 
and the unit fc — > Hq(A) splits, the minimal model of A as an ^loo-algebra arising 
from [111 Theorem 1] is one possible choice for the minimal (Moo-algebra model of 
Theorem 11.11 



Let M be a fc-module and let P be a fc-projective resolution of M. The endomor- 
phism dga Hom^P, P) is defined by Hom^P, P)j = Homfc(P[j], P), where the lat- 
ter denotes maps of graded fc-modules. Its differential is d^ om (f) = d p /— ( — fd p . 
The quasi-isomorphism type of Homfc(P, P) does not depend on the choice of the 
resolution P. Its homology algebra is the Yoneda Ext-algebra of M with a sign 
shift in the degree, i.e., #*Hom fc (P, P) = Ext^*(M,M). 

A minimal (Moo-model for Hom fc(P, P) is a resolution E of Ext£(M, M) with 

this structure enables us to recover the 



1.2 



structure maps mfj. By Theorem 
quasi-isomorphism type of Honifc (P,P) 



16 



STEFFEN SAGAVE 



Example 5.3. Let k = Z, p a prime, and M = Z/p. We will see that the resolution 
of ExtJ(Z/p, Z/p) given by Z <— Z in every degree of the Ext-grading is part of a 
minimal (Moo-algebra. 

Let P be the two step resolution Z «— Z of Z/p. The dga A = Homz(P, P) 
may be described as follows (compare §3.1]): Its underlying ungraded algebra 
is Mat2(Z), the algebra of 2 x 2-matrices with entries in Z. Viewing elements of P 
as column vectors with top entry the degree part, Mat2(Z) operates on P. The 
resulting grading of A is 

Ai = {(28)}> A = {(*»)}, and A_ 1 = {(°*)}. 
On the standard basis, the differential has values 

<?8) = <*(J8) = -(8S). <8S) = (SS).««i 4^) = o- 

Indeed, H Sf (A) is an exterior algebra generated by [({jo)] m degree —1. 

We give a /c-projective Pi-resolution a: B — > A. Let P = Mat 2 (Z[i] ® AJ(A)) 
with |t| = (0,0) and |A| = (1,0). The horizontal grading is specified through the 
generators, and the vertical grading comes from the matrix algebra as above. 

The vertical differential dg is defined by setting 

d?(S8) = (S2). #U8)=-(8$). d B (8i) = (80^nd (85) = o, 

and requiring to be i- and A-linear. The horizontal differential df is i-linear 
and maps A to p — t. The map a is determined by asking ti-»p. 

One can check that P — > A has the required properties. The vertical homology 
H?(B) = E is A|(a, 6) with |a| = (0, -1) and |6| = (1,0). Here 

*=[(S?)]. «= [(86)]. *=[(aX)].«»d «fc=[(8§)]. 

and /oi can be chosen to pick the displayed generators. The provides the 
multiplicative structure encoded in the exterior algebra. Since /oi is multiplicative, 
we may choose /02 = (and fyj — 0, = for j > 3). Now z\\ = m^/01, hence 
mf^b) — pi, and mf^ab) = pa. Since m^fn — /oimfj — zn, we may choose 

/ii(&) = (?8) and / H (a&) = (°°) 

The m i2 is represented by z 12 = /nm^ 2 - m^C/oi ® /11) - n^ 2 (/n <8 /oi)- One 
checks that 

m^(a®6)=t, mf 2 (a®a6) = a, mf 2 (a6<g> 6) = — 6, and mf 2 (a^(8> a&) = — 

and that mf 2 is trivial elsewhere. One calculates that, mostly for degree reasons, 
all other mf^ vanish. The asymmetry of mf 2 comes from the choice of the value of 
fn(ab). Changing it to —(Jo) changes mf 2 . 

Our next aim is to define a variant of derived Hochschild cohomology for graded 
k- algebras. It will generalize the Hochschild cohomology of graded /c-algebras which 
is for example used in [2]. 

We briefly recall from [TJ §4] one way to define the derived Hochschild cohomology 
dHH for ungraded fc-algebras. (In [T], this theory is called Shukla cohomology.) 
Considering an ungraded fc-algebra A as a N-graded dga concentrated in degree 
0, one can find a quasi-isomorphism A — > A from a degree wise fc-projective dga 
A. The Hochschild complex of A is the bicomplex C st {A) := Hom^A® 8 , A[t\) 
with s,t > 0. It has the usual Hochschild differential c^hh : C st — > C s+ '* and a 
differential dn om : C st — > C s ' t+1 induced from that of A by considering C s * as the 
Horn-complex with source A® s and target A. Letting HH*(A) be the cohomology 
of the total complex of C st , we define dHH* (A) := HE* (A). This is well defined 
since a quasi-isomorphism of fc-projective dgas A — ► A' over A induces a chain of 
isomorphisms HH*(y4) ^ EH* (A, A') «=- HH*(A'); compare [T] 4.1.1 Lemma]. 
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Let F be a fc-bidga with = 0, and let F be an F-bimodulc in the category 
biChfe with d$ = 0. On E and F we have differentials df and (if and multiplication 
maps E <E> 25 — » F, F <g) F — > F, and F (g) 2? — > F satisfying appropriate relations. 

We define an (N, N, Z)-trigraded fc-module C rst (E,F) = Hom fe (F® r , F[s, t]). ft 
has a Hochschild differential 



^ H : C rst (E,F) C r+M *(F,F) 

c^/i(l®c) + (-l) r+1 /i(c®l) + V (-lycfl®^ 1 ® At ® l® r - J ) 



E 

l<j<r 



and a differential 



7s . s~trst /~ir,s-\-l,t 
"Horn ' ° ~~ * ° 

c^df c -(-f)< d f< c > ^ c^'" 1 <8> df ® 1®"^') 

l<j<r 

induced by the horizontal differentials of 2? and F. ft is easy to check dnH^HH = 0, 

rfHom^HH = dHH^Hom and rfHom^Hom = 0. 

We define Tot 9 * C(E, F) = ®,, +s=(? C rst (F, F) and 

4 ot : Tot 9 * C(E, F) -» Tot 9+1 C(F, F), c h- d Hom (c) - (-l) 9 d HH (c) 

The relations of c?hh and dn am imply <2Tot<2Tot = 0. The graded Hochschild co- 
homology of E with coefficients in F is the homology of this total complex, i.e., 
HH 9 *(F,F) = H q (Tot** C*(F,F)). 

Now let A be a graded fc-algebra. We view A as a fc-dga with trivial differential. 
Applying vertical homology to the resolution provided by Theorem |3.4| we obtain 
a termwise fc-projective resolution E — > A. The resolution is well defined up to 
F 2 -equivalence between such F. We define the derived Hochschild cohomology of A 

by 

dHH 9 *(A) = HH 9 *(F, F). 
An F2-equi valence a : F — > F of termwise fc-projective resolutions induces a chain 
of isomorphisms HH 9 *(F,F) HH 9 *(F,F) ^- HH«*(F,F). This ensures that 
dHH 9 *(A) is well defined. 

Proposition 5.4. Let A be a k-dga, and let E — > A be a minimal dA^-algebra 
model of A. Then the sum 171q 3 + mf 2 + is a cocycle in the complex computing 
HH 3 ' _1 (F,F) = dHH 3 ' _1 (22*(A)). Its cohomology class lA € dHH 3 ' _1 (22*vl) does 
not depend on the choice of E. 



Proof. The four formulas (2.2) uv with u + v = 4 for the mfj can be expressed 



y 

as c?hh("Io 3 ) = 0, dYm(mf 2 ) + dn OI[L (m§ 3 ) = 0, d H H(rofi) + dn om (mf 2 ) = 0, and 
dHom(mfi) = 0. Hence d Tot (m§ 3 + mf 2 + mf x ) = 0. 

Let / : F — > F be an F2-equivalence of minimal eL^-algebras. We check that the 
elements (/oi)*(mf 3 + mf 2 + mf 1 ) and (/oi)*(m£j + mf 2 + mfi) of Tot 3 " 1 C(F, F) 
represent the same cohomology class. Since / is map of dA^-algebras , it satisfies 



the relations (2.6) uv for u + v = 3, and these can be rewritten as 

(foi)*(m§3 + m 12 + m 2l) - (foi)*( m 03 + m 12 + m 2l) = ^Tot(/o2 + /ll)- 

□ 

If a dga A is formal, i.e., quasi-isomorphic to H*(A) with trivial differential, 
then 7^4 = since a termwise fc-projective resolution of H*(A) provides a minimal 
dAoo-algebra model for A with rriij = for i + j > 3. Hence a non- vanishing ja 
shows that A is not formal, and that a given minimal (M^-algebra model of A is 
not equivalent to one with trivial higher . 
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Remark 5.5. For a dga over a field, there is a characteristic Hochschild cohomology 
class 7^ € HH 3,_1 (i/*(A)) which is studied in [2]. It is represented by the 7713 of 
a minimal ^loo-algebra structure on H„ (A) and determines by evaluation all triple 
matric Massey products in H„(A). The characteristic dHH-class of a dga over a 
commutative ring k given by the previous proposition is the natural generalization. 
If k happens to be a field, the "/a introduced here coincides with the one from [2], 



as one can easily see from Remark 5.2 and [21 Remark 5.8]. 

If B is a bidga and B — > A an ^-equivalence, -Bo* is a dga, and B — > ^4 restricts 
to a map -Bo* ^4 of dgas which induces an surjection in homology. If E is the 
minimal (Moo-algebra structure on H%(B), the restriction of to i?*(i?o*) is 
part of an ^4oo -structure on if* (Bo*)- By evaluation, it determines triple Massey 
products of -B *. Moreover, if Ai,A 2 ,A 3 6 satisfy A1A2 = = A2A3, we 

may lift them to elements of H*(Bo*), evaluate m^ 3 on the lifts, and observe that 
the image of the evaluation under the map to (A) is an element of the Massey 
product (Ai,A2,A3). Hence the dHH-class determines all triple (matric) Massey 
products in H* (A) . The difference to the HH-class of [5] is that the dHH-class does 
not determine the Massey products in a fc-linear fashion, since lifts of elements 
along a surjection into a not necessarily projective /c-module are involved. 

We expect the dHH-class ja of a dga to share more properties with the HH-class 
of 2 , like the connection to rcalizability obstructions. We are not going to elaborate 
those here. The dHH-class should also be compared to the universal Toda bracket 
of a ring spectrum studied in |16j . The latter class is an even further generalization 
of the (derived) Hochschild class and arises when one allows the sphere spectrum 
of stable homotopy theory as ground ring. This class is an element in a Mac Lane 
cohomology group and determines triple Toda brackets. 

Remark 5.6. Derived Hochschild cohomology classes associated to dgas also ap- 
pear in [1] and (4j: a dga A with only A and A\ possibly non-zero gives rise 
to a crossed extension of H (A) by Hi(A) and hence to a cohomology class in 
dHH^.(ff ( J 4),i7 1 (A)) 1, 4.4.1. Theorem]. More generally, for a dga A with non- 
negative homology, its first fc-invariant lies in dHH|(iJ (^4), H\{A)) [U §4]. 

If E — > A is a minimal eL4oo-algebra model of A, E*o is a /c-projective resolution 
of H (A), and there is a restriction map dHH^' _1 (.ff*(yl)) -► dKH 3 k (H Q (A), H X {A)). 
One can check that the image of ^a under this map recovers the cohomology classes 
described above. 



Example 5.7. We continue Example 5.1 by applying Proposition 5.4 to the min- 



imal cMoo-algebra E described there. In this case, the sum representing 7^4 con- 
sists only of mfi- The mfi cannot be a boundary in the complex computing the 
derived Hochschild cohomology: p ■ = 0, while p ■ is non-zero. Hence 
j A S dHH|y~2(-ff*^4) is non-trivial. 

This illustrates that the non-triviality of E is a consequence of the information 
encoded in the higher degrees of the horizontal grading. 



6. Anti-minimal models 



The aim of this section is to prove Theorem 1.2 which provides an 'anti-minimal' 
model of a cMoo-algebra. To this end, we introduce modules over cMoo-algebras 
and show that the module category is enriched in twisted chain complexes. For a 
dAoo-algebra E, we thus have an endomorphism tga of the _E-module E. Its total 
complex is a dga. If E is the minimal (Moo-algebra model of a dga A, this dga 
associated with E recovers the quasi-isomorphism type of A. These constructions 
are motivated by the Horn-complex of maps between modules over Aoo-algebras 
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described in Keller's survey [13, §6.3] and studied in more detail in Lefevre's thesis 

m §4]- 

Let E be a (M^-algebra. We write TSE for the unreduced tensor algebra on 
SE, i.e., TSE = SE® j . Let M be a bigraded fc-module. Let mfj' 1 : SM <g 

SE®^ 1 — ► SM[i, 1 — i] be a family of maps with i > and j > 1. These maps 
assemble to a map mf^ 1 : SM® TSi? — > SM[i, 1 — £]. More generally, we define 

<N'" := -5- 9+ i ® 189-1 + 1 ® 
where the second summand is understood to be zero if q = 1. We obtain a map 
mf : SM <g> TS£ — > SM (3 TSE[i, 1 - i] whose component mapping SM <g) SE^' 1 



to SMOS-B® 9 " 1 ^!-^ is 



3 m 



Lemma 6.1. Given maps mfj' 1 as above, the following are equivalent: 
ft) £i +P =„(-l)^f fhf = for all u>0. 
(H) Ei +P = u (-1)^, M '^p = /or all u>0. 
(Hi) The mf 1 turn SM ® TSE into a twisted chain complex. 

Definition 6.2. A module over a dA^-algebra E is a bigraded fc-module M to- 
gether with maps m^' 1 : SM^SE®^ 1 -> SM[i, for i > and j > 1 satisfying 
the equivalent conditions of the last lemma and the unit condition 

(6.3) 



mj^' (1 ® o-^Ve) — 1 and 



my' J '(l (8 l 01 "" 1 <8) cr^ 1 ^ <g l^'- 1 - 1 ") = if i + j > 3 with 1 < r < j - 1. 

Example 6.4. The free module of rank 1 is an _E-module. For this, the isomor- 
phism TSE = SE ® TSi? is used to interpret the structure maps of E as an 
(Moo-algebra as those of E as an E'-module. 

Let /: E — > -F be a aM^-algebra map and let M be an F-module. Writing 
' for the F- module structure maps of M, we define 

™ul' EA = E ' i 'o KI > 1 ® /p',«-i) : ^ M ® (Si?)^ 1 - SM[«, 1 - u] 

Lemma 6.5. The fh^f' E define an E -module structure on M. 

Example 6.6. If /: E — > F is a map of cL4oo -algebras, f 1 is an i?-module. 

Let E be a aM^-algebra and let M and N be -E-modules. Given a family of 
fc-linear maps /A; : SM <g SE®^ 1 — » SiV[i, — i] with t > and j > 1, they induce a 
map /i : SM <g TS£ -» 5M[t, -<]. Setting /?. = £A,-_ g+1 <8> l® 9 " 1 for 1 < q < j, 
we obtain maps /, : SM ® TSE 1 — > S7V TSE[i, —i] whose component mapping 
SM <g SE^" 1 to SiV <g S^" 1 ^, -t] is /|. 

Lemma 6.7. Given maps /A- as above, the following are equivalent: 

ft) Ei +P = u (-1)^< - E i+P =„mf 7 P a// u > 0. 
W E l+P = J-l) = E, +P=tl a// u > 0. 

(m,) TTie /j /otto a map o/ twisted chain complexes. 

Definition 6.8. Let E be a aMoo-algebra, and let M and N be -B-modules. An 
i?-module map from E to F is a family of maps /A- : SM ® SE®!" 1 _> S7V[i, — «] 
for i > and j ' > 1 satisfying the equivalent conditions of the last lemma and 

fljil <g I®'" 1 (g a^rjE <g = if j > 2 with 1 < r < j - 1 

Composition of module maps is given by the composition of the /; as maps of 
twisted chain complexes. 
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A map /: M — ► N of E- modules induces a map of twisted chain complexes 
between the underlying twisted chain complexes of M and N. The map / is an 
^-equivalence if this underlying map is. 

Example 6.9. If /: E — > F is a map of (Moo-algebras, both E and F are E- 
modules, and one can check that / is an _B-modulc map. The underlying twisted 
chain complexes of E and F as cMoo-algebras and modules coincide. Hence / is an 
^-equivalence of modules if and only if it is an ^-equivalence of (Moo-algebras. 

Let Ebe a (L4oo-algebra and let M and N be i?-modulcs. Let X be the bigraded 
k- module Rom k (SM ® TSE,SN). For s £ N,t £ Z, an element of X st is a k- 
module map g 1 : SM ® TSE[s, t] — > SAT. We shift X by shifting the second entry 
SN. As in the definition of module maps, the g 1 has components gj which provide 
g) = g)_ q+1 ® l® 9 " 1 and g: SM ® TSE[s,t] — > SN ® TSS, and giving g 1 is 
equivalent to giving the g. 

For i > 0, we define d l : X ^ X[i, 1 - i] by ^(p 1 ) = mf^g- (-Vj&^^mf . 
Since 

i+p=u 

for u > 0, we may state 

Definition 6.10. Let E be a cL4oo-algebra and let M and iV be i?-modules. We 
define Hom g (M , TV) to be the twisted chain complex with underlying bigraded 
fc-module Homt (SM <g> TSE, SN) and differentials di as defined above. 

Let L, M and N are i?-modules. For / e Hom E (M, A^) s4 and g G Hom g (L : M) P9 , 
its composite fg £ Hom g (L : M) v+X q+t is defined. The unit k — > Hom g (M, M) 
sends lfe to the g £ Hom E (M, M) with 7j\ — i<1sm and gj = for j > 2. 

Proposition 6.11. TTie composition induces a pairing of twisted chain complexes 

Uom E (M, N) ® Hom B (L, M) -> Hpm B (L, AT) 

which is associative and unital. In particular, Hom g (Af, M) is a tdga. 

Proof. Let \i be the composition. The only possibly non-trivial part is to verify the 
Leibniz-rules. If i > 0, / £ Hom g (M, N) st and g £ Hom E (L, M) pq , we have 

H(l®di + di®l)(f®g) 
=(_!)<* J)jfhfg- (-1)<* ■/>+<^> /^mf + mf /g- (-l)</~^>/mf 5 
=difj,(f<8)g). 

□ 

Remark 6.12. The last proposition says that the category of modules over a 
cMoo-algebra is enriched in twisted chain complexes. The morphisms of the ordinary 
category underlying this tCh^-category are not the (M^-algebra module morphisms 
of Definition [6^8] Unlike the case of modules over Aoo-algebras and their enrichment 
in chain complexes, not even all components fij of an E- module map / are 0-cycles 
in the Hom g (M, N) . The reason is that for i > 1, the fij would have to lie in 
a negative degree with respect to the first grading. We resist from allowing a 
negative grading there, since this would for example cause problems when forming 
total complexes. Therefore, the notation Horn might be slightly misleading, but we 
keep it in lack of a better alternative. Moreover, the induced maps on Hom E (M, N) 
to be defined next are not a consequence of the enrichment. 
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Given _E-module maps /: M — ► M' and /i: N — > AT', we define 

/* : Hom^M', AT) -> Hom E (M, JV)[i, -i], - £ (-1)^?]^ 

l<j<U 

and 

(/i,) 4 : EamE(M,N') ^Bam E (M, N)[i,-i], ((K)^ 1 )^ = E^' 

For degree reasons, /* and are only defined on <jf in horizontal degree > i. 

Lemma 6.13. Both f* and h* are maps of twisted chain complexes. If M' = 
N, then f* is a left Ham E (N, N) -module map. If N' — M, then h* is a right 
Hom g (M, M) -module map. 

Proof. Treating /* first, we have to compare the image of g 1 g Hom E (M' , N) under 
£(-1)*/*^ and J^dpf*. Restricted to SM <g> (SE)® W ~\ the image of g 1 under 
both maps is 

i-\-p—u; l<i<<?<it ) 

For h* we calculate 

i-\-p=u i+p—u 

The statement about the tdga-module structures follows from the associativity of 
the composition. □ 

For F-modules M and N, a d^oo-algebra map / : E — > F induces a /c-linear 
map res/: Hom F (M, AT) -> Hom £ (M, AT) . On 5 1 : SM ® TSE[s,t] -> SAT, the 
restriction of (res/) tl (g 1 ) to SM ® (S f £ , ) (8, '~ 1 is defined as follows: for v = 1 and 
16 = 0, it is <jr, for « = 1 and u ^ 0, it is 0, and for v > 2 it is 

(res/^L- E (-1)^91(1 ^ ® (Si^MM - 5J\T[«, -«]. 

2<j"<u 

Lemma 6.14. The res/ «s a map of twisted chain complexes and respects the com- 
position pairing. Particularly, it is a tdga map if M = N . 



Proof. Both 

d p (res/)i = V (-l) l (res / ) i d p and V /u((res/)i ® (res/) p ) = (res/) u /x 



E d p {iesf)i = E ( _1 )X res /)i d p and E 

i-\-p=u i+p—u i+p—u 



can be checked directly. □ 
Let E be acLA^-algebra. Viewing E as an i?-module, Hom E (E, E) is an tdga by 



Proposition 6.11 We want to define a (Moo-algebra map ip E : E — > Hom g (_E, E) 



By Lemma 4.3 it is enough to give maps ip^' 1 : (SE)® V — > SHom E (E,E)[i,—i]. 



For i > and v > 1, let be the map with source SE® V being adjoint to the 
restriction of mf' 1 to SE® V ®SE® TSE, and let = a^pf/ 1 . 

The analogs in the world of A^-algebras to the next three lemmas are [Til 
Lemme 4. 1.1. 6. b and Lemme 5.3.0.1]. 

Lemma 6.15. The ipfj' 1 constitute a dA^-algebra map ip E : E — > Hom E (E, E). 
Proof. It is by Lemma |4.3| sufficient to show 



E^f/+ E ^5>^;-)= E 
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for v > 1. This is equivalent to 

i+p=u i 1 +i 2 =u; j 1 +j 2 =v 

(-1) ^ % "V ■ 

l<j<f; i+p— u 

We cancel the er^ 1 out, restrict along the injection (SE)® W — > 5i? (g) TS^E, and 
consider the adjoint maps ( 1 S"£)® 1 ' ® (S^)®™ -> S*£>,2 - u] to get the following 
equation for v,w > 1 which is equivalent to the last one. 

1 < j < iu ; i+p— tt 
1 < j < iu ; i+p— tt 

i'i+Ja=o, ja>l 

= E (-i)^^^ 18 ") 

1<j<i;; i-\-p—u 

This holds since -E is an <L4oo-algebra. □ 
If M is an .©-module, there is a map 

^Af,E . M _> Hom B (M, J5) of twisted chain 
complexes: we define ipi ' to be the adjoint of the map 

When forming the associated map ip M ' E , the (—1)* cancels, and for M — E we 
observe that = ip^ 1 . In particular, the underlying map of twisted chain 

complexes of the ifi E is ip E ' E . 

The proof of the last lemma is easily adopted to provide 

Lemma 6.16. The ip M ' E : M — ► Hom ^(£, M) is a map of twisted chain complexes. 



Lemma 6.17. The map ip ' E of Lemma 6.16 is an E\- equivalence. 
Proof. We show that tp^' E is a chain equivalence. For g 1 6 Hom g (E, M) , 

Hom^SE <g> TSE, 5M) u; ; Hom fc (S7c, SVn) -^-> Hom fc (fc, M) = M 

can be used to define r(g 1 ) = (— l)^ s '^^^((ji 1 ^^)). The r is a chain map with 
respect to do and t4>q I:E = id. 

Next we define a chain homotopy between i/j ' r and id on Hom g (_E, M). Let 
/i be the composite SE T5-E[0, 1] S*fc ® SE ® TS© -> SE ® TSE given by 
5r; on Sfc and the inclusion S.E <g> TS© TS£. We define H : Bam E (E, M) -> 
Hom F (ff,M)[0,-l] by Hffi) = and calculate 

(d H + Hd Q )(g 1 )=g 1 -i> M > E T(g 1 ). 

Therefore, if) ,E induces an isomorphism on homology with respect to do- □ 

Lemma 6.18. The maps (f*)o4> E an ^ V'o'^/o are chain homotopic as d -chain 
maps from E to Hom F (_E, F). 

Proof. The chain homotopy is 

H: E^Bam E (E,F), (H(x))] = f^+^x ® 1®'). 

□ 
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Corollary 6.19. Let f: E — > F be a map of dA^-algebras. The induced map 
/* : Hom g (£, E) — ► Hom E (E, F) is an E 2 - equivalence of twisted chain complexes 
if and only if f is an E 2 - equivalence. 



Proof. By Lemma 6.18 the maps induced by f*ijj E an d tp E ' F f on H^H% coincide. 
Both ip E and ip E ' F are E\ -equivalences by Lemma 6.17 and hence ^-equivalences. 



□ 

Lemma 6.20. Let f : E — ► F be a dA^-algebra map. Then i/j f,e and f* res/ ip F,F 
coincide as maps of twisted chain complexes from F to Hom £ (£, F). 



Proof. One can check that 



((/* res/)^ 1 ))^ i-^dlfl 



ij 

i<q<3 



holds for j > 1. This easily implies the assertion. □ 

Corollary 6.21. The map f* res/ is an E 2 - equivalence of twisted chain complexes. 

Proposition 6.22. Let f : E — > F be an E 2 - equivalence of dA^-algebras with E 2 - 
homology concentrated in horizontal degree 0. Then the dgas Tot Hoth e (E, E) and 
Tot Hom F (F, F) are quasi-isomorphic. 



Proof. By the Corollaries |6.19| and 6.21| there is a diagram 



Hom B [E, E) ^ Eam E (E,F) < J rCS/ Hom F (F, F) 

with both maps ^-equivalences. Setting 

R=TotEom E (E,E), S = Tot Horn F (F, F) , and X = Tot Hom E (E, F), 

we obtain dgas R and S 1 , an S'-.R-bimodule X, a quasi-isomorphism a: R — > X of 
right R- modules and an quasi-isomorphism (3: S — > X of left ^-modules. This data 
is compatible with the unit maps in that the square obtained from composing the 
unit maps of R and S with a and (3 commutes. 

The described data is almost a 'quasi-equivalence' of dgas as described in [T^l 
p. 31] and generalized in [20, Definition A.2.1]. The missing part is an element of X 
such that left and right multiplication with the clement equals a and (3, respectively 



(compare Remark 6.12 ). However, we can follow closely the strategy of the proof of 
[20, Lemma A. 2. 3], exploiting the (projective) model structures on Chj. and Mod-i?. 

We factor a in the model category of right i?-modules as a composition of an 
acyclic cofibration a 1 : Ry-^ — >Y and an acyclic fibration a": Y— — »X . We con- 
sider the dga T = Hom fl (F, Y), the T-i?-bimodulc V = Hom fl (i?, Y), and the S-T- 
bimodule W = Hom^(Y, X). The map a' induces an acyclic fibration (a 1 )* : T — > V 
and a quasi-isomorphism (a')* : R = Hom^i?, R) — > V. The multiplications on R 
and T induce an associative and unital multiplication on the pullback P(a') of (a')* 
and (a')*. Hence the induced maps from R — > P(a') <— T are maps of dgas. They 
are quasi-isomorphisms since (a')* is an acyclic fibration. 

The a" induces an acyclic fibration (a")* : T — > W since Y is cofibrant as an 
i?-modulc. Right multiplication with a" induces a map S — > W. It is a quasi-iso- 
morphism since its composition with the quasi-isomorphism W = Hornby, X) — ► 
Homii(R,X) = X induced by a' equals (3. The latter statement exploits the 
compatibility of a and (3 with the units of R and S. As above, we form the pullback 
to get a chain T — > P(a") <— 5 of quasi-isomorphisms. □ 

Proof of Theorem \l.S\ Let £ be a (Moo -algebra. Lemma |2.18| and Proposition 



6.11 show that Tot Hom £ .(i^, _E) is a dga. If A is a dga and E — > ^4 an £?2- 



equivalence, Proposition 6.22 implies that Tot Horn 4 (A, A) is quasi-isomorphic to 
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Tot Kom E (E, E). Applying Tot to the E\ -equivalence A — > Horn A (A, A) and ob- 
serving A = Tot A completes the proof. □ 

Over a field, every yloo-algebra is quasi-isomorphic to a dga. However, not 
every (Moo-algebra E is ^-equivalent to a dga, since E may have i?2-homology in 
horizontal degrees other than 0. From this perspective, the relation of dgas and 
dAoo-algebras is more like viewing ordinary modules as (positive) chain complexes 
concentrated in degree 0. 



7. Four lemmas 



Lemma 7.1. In the situation of the proof of Proposition J^.l we have m^z^ = 0. 
Proof. We start with calculating 



(7.2) 



~BA~B,1J2 ~BA,-.^~BA . ~BA „-,\ j2 

m 01 m 02 fin = - m 02 (1 ® m 01 + m 01 ® V fir, 

-BA-BAJ2 / 1 \i ~ B- 1 J"2 

= 11 m 02 fl-l,n~ 2^ TO 02 fij^pn ■ 

i+p=l; 2<j<n 



The second summand of z; n contributes 



~B ~BA fl ~D.L~D,L rl 

TO 01 TO 11 Jl-l,n — m U m 01 Jl-l,n 



BA-BA 71 



(7.3) 



™fl' 1 Wra 1 /f-l,n + E (- 1 )* m fl 1 /ij 



m E ' j 

ij ' "pn ' 



i+p=i-l; 2<j<n 



Applying rn^ to the last summand of z;„ gives 



ij "pn 



(7.4) 



E (- 1 )^o B i/i 

i-\-p— I; 2<j<n 

= E (-^m^fijm-pn 

i-\-p— I; 2<j<n 



E (- l ) lm ll 1 fl 3 m pn- 
i+p=i— 1; 2<j<n 



Forming the sum of (7.2 1, (7.3), and (7.4 1 shows the assertion. 



□ 



Lemma 7.5. In i/ie situation of the proof of Proposition ^.7 £/ie m^' 1 together 



with the mf,' 1 for i + j < I + n satisfy (2.2) uv for u + v<l + n+ l. 



Proof. Since m^' 1 = 0, we have to verify 



(7.6) 



E (-i 



A — EA ~ E.j 

I 171^ m p i J 



i+p—u 
i-\-j>2; j<v 



for u + v = l + n+l. The term fnf.^m^ is represented by ZijiripJ if i + j > 2, 

by m 02 ' (/oi <$ 2u,-u-i) + "io/^.w-i <8> /oi) if * = and j = 2, and by m n ' Ju-i,,, 
if i = 1 and j = 1. We evaluate these expressions using the already established 
relations of the and the definition of Zij . First we observe 



~BA~ -BA-BAJ2 . / , si ~ BA Jl ~ E,i 

(7.7) ~ TO n = ~ TO ii m 02 fu-i,v + 2^ m n fij m pv 

i-\-p—u—l; i+j>2 



;S 5 1~B,1 72 
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Next we deduce 



™02 (/oi ® 2u,i;-l) + m^iZu^-l ® /oi) 



ii; j+q—v 
i+j>2 



(7.8) 



u+i2+p=«; ji+q=v 

i2+j'2>2 



ii+ji>2 



+ m ll TO 02 /«-!,« + 2^ 



ii+i 2 =«; ji+j2=v 
is+js>2 



The last step is to calculate 



(7.9) 



E ((- 1 ) < ^' 1 (/y ® /oi^ 1 ) + ^/(/oi^ 1 ® j|) 

z+p— it; J+<7— v 
i+j>2 

+ e (-ly^^oiMu ® ^ 2 )(i 8ji ® ^ j2 ) 

ii+»2 +p=u; ji+g=w 
t2+h>2 

+ E (- 1 ) il+i2 ^02 1 (^ 1 ® Jij,){^i h ® 1®*) 

«i +22 +p=«: j2+q=v 
tl+Jl>2 

- e (-i)^fi 1 ^^'- 

Adding up (7.7 1, (7.8 1, and (7.9 1 shows that the sum the representatives for the 
terms in the desired formula has values in coboundaries. □ 



4.12 



Lemma 7.10. In the situation of the proof of Proposition 
Proof. We apply m { to the six terms of yi n . The first gives 
(7.11) 



m { yin = holds. 



-c?,i~c,iri 



'01 



1 



(-lJ'mS^^J.^ + C-lJ'mfi^a/), 1 .^ + (-1)' E 

.i — j i 



j+g=ra 



i+p=Z-l 

E ^ii^imi,®^)- e (-ir^ff 1 ^?/^ ® 

z+p=i-l 

The second gives 
(7.12) 



(-lj'm&V/), 1 , 



(-l)'mf i 1 (a/) / 1 _ 1 ^-(-l)'mS 1 (a/)L+ E ("l) P («/)^p„' 

i+p=Z 
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The third gives 
(7.13) 



i+p=l 
i+j>2 



i+p=l 

The fourth gives 
(7.14) 

(-1)' £ (-lj'm&^m* 1 

i+p=l 

= e (-lym^ e (-m^f)i^ - c-i)' E «*5^«*' 
- (-i)' E ^/((^L, ®^ 2i2 )^ 1+J ' 2 

2l+i2+P=i 

-(-1)' E (- 1 ) l2 ^0 C 2 1 (ftL 1 ®(^)L 2 )™pn Jl+j2 

2l+i2+P=i 

The fifth gives 

E ™%i 1 ™02 1 ( (5/3) y ® ) 

i+p— / — 1 i-\-p=l 

(7.15) J+«= n j+q=n 

il+»2+P=i 

+ e (- i r^2 1 (i^^cr 2 a )((^)^^p 191 ®(«f)p 292 ) 

i+Pl+P2=( 

i+gi+g 2 =n 
The sixth gives 

i+p=i 

= e (-i^S 1 ^ 1 ^ ® - (-i)' E^cg^®^,) 

/— 1 i+p=J 

(7.16) J+<l= n j+q=n 

+ (-l) l mg\af)l + E(- 1 ) ll+P ^o C 2 1 (R, 1 ® («f)L 2 )^ J1+j2 

il+i 2 +P=i 

+ e (-i)^ 1 ^ 1 ® ® ® 

U+i 2 +P=j 

ii+j 2 +?=« 



pn 



Indeed, the sum of (7.11), . . . , (7.161 is zero. 



□ 



Lemma 7.17. In the situation of the proof of Proposition 4-12 the fi\ n represented 
by yin satisfies (2.6 ) uv for u + v = l + n+l. 

Proof. We have to show that (3 is an dA^-map, that is, 



E (-l)^m^ - E ™il X P\ 



'J 

pv ' 



U 



i-\-p—u 
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We use the representing cocycles (— l) l yij and Zij. A direct calculation shows 

i+p—u i+p—u i+p—u 
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